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We develop a theory of linear witnesses for detecting non-Markovianity, based on the geometric structure of the
set of Choi states for all Markovian evolutions having Lindblad type generators. We show that the set of all such
Markovian Choi states form a convex and compact set under the small time interval approximation. Invoking
geometric Hahn-Banach theorem, we construct linear witnesses to separate a given non-Markovian Choi state
from the set of Markovian Choi states. We present examples of such witnesses for dephasing channel and Pauli
channel in case of qubits. We further investigate the geometric structure of the Markovian Choi states to find that
they do not form a polytope. This presents a platform to consider non-linear improvement of non-Markovianity
witnesses.
Introduction: The theory of open quantum systems pro-
vides a powerful tool to study system-environment inter-
actions, spawning decoherence, dissipation and other irre-
versible phenomena [1, 2]. In recent times, much efforts
have been devoted to characterize and classify quantum ana-
logue of non-Markovian (NM) evolutions [3–19]. It has
been shown from various information theoretic and thermo-
dynamic aspects, that NM can act as a powerful resource [10–
12, 20]. However, it still remains a difficult yet important task
to construct a theory of distinguishing NM evolutions from
its Markovian counterparts, with proposals of experimentally
feasible detection procedures. Very recently the present au-
thors have constructed a convex resource theory of NM [21],
creating that very opportunity of experimental verification, by
exploring the geometry of NM dynamics in a similar manner
of entanglement detection.
The phenomena of witnessing entanglement [22–31] is a
stepping stone in the study of quantum information. Wit-
nesses are versatile tools for experimental detection of entan-
gled quantum states. They are hermitian operators and hence
observables by construction, giving positive expectation val-
ues for all separable states; whereas negativity of the same
signifies the existence of entanglement. In this letter, we ap-
ply the tools of entanglement theory in open system dynamics,
to construct NM witnesses from the similar footings of that of
entanglement.
Of late, works has been done to develop NM witnesses
mimicking the same from entanglement theory [32–34]. But
in order to construct a proper NM detection theory, we need
to have a convex and compact set of states beholding the com-
plete set of Markovian divisible operations. Though channel
state duality [35, 36] allows us to construct the set of states,
due to the non-convex nature of divisible operations [13, 37],
constructing a theory of linear witnesses is not possible in gen-
eral. We overcome this difficulty by “small time interval” ap-
proximation, whence constructing the Choi states. This allows
us to build a proper framework of linear witnesses for NM de-
tection.
Before going into the main results of this work, we first
elucidate the properties of the set of Choi states for divisible
operations. Then we develop the theory of linear NM witness-
ing. We further consider the geometry of the set of Choi states,
to identify the possibility of generalized non-linear witnesses
for NM detection. Then we conclude with stating the possible
implications.
It is also very important here to mention that we are
restricted to the set of operations having Lindblad type
generators [38, 39] of the form ρ˙(t) = L(ρ(t)) =∑n≤d2S
α=1 Γα(t)
(
Lαρ(t)L
†
α − 12 L†αLαρ(t) − 12ρ(t)L†αLα
)
, with Γα(t)s
as the Lindblad coefficients, Aαs as the Lindblad operators for
a system with dimension ds. For divisible operations we have
Γα(t) ≥ 0, ∀α, t [7].
Structure of Choi states: Consider a general quantum chan-
nel Λ(t, 0) : ρ(0) → ρ(t). We construct a set DC including
all such channels having Lindblad type generators. Exploit-
ing channel-state duality, we define a one to one connection
between DC and the set of corresponding Choi states FC. A
channel ΛM(t, 0) is CP-divisible iff ΛM(t3, t1) = ΛM(t3, t2) ◦
ΛM(t2, t1), with t3 > t2 > t1 ∀t1, t2, t3. It implies that the
Choi state CM(t2, t1) = I ⊗ Λ(t2, t1)|φ〉〈φ| is a valid den-
sity matrix for every instant of time, with ||CM(t2, t1)||1 = 1,
∀t1, t2. Here |φ〉 corresponds to a maximally entangled state
in d2s dimension and || · ||1 = Tr[
√
(·)†(·)] is the trace norm.
CP-divisibility breaking of a channel signifies NM backflow
of information [6, 7]. The set of all CP-divisible channels
DM ⊂ DC is then considered to be the set of all Markovian
memoryless channels. We therefore define a subset FM ⊂ FC
as FM = {CM(t2, t1) | ||CM(t2, t1)||1 = 1,∀t1, t2}, including
the Choi states for all CP-divisible operations and prove the
following proposition.
Proposition 1: The set of Markovian Choi states (MCS)
FM = {CM(t + , t) | ||CM(t + , t)||1 = 1,∀t, } is a convex and
compact set in the limit  → 0.
Proof: Let C(1)M (t + , t) and C(2)M (t + , t) be two MCS corre-
sponding to two separate Markovian operation Λ(1)M and Λ
(2)
M
having Lindblad type generator L(1)t and L(2)t with positive
coefficient respectively. Therefore we have, Λ(i)M(t + , t) ≡
exp
(∫ t+
t L(i)t dt
)
, with i = 1, 2. For sufficiently small , ex-
panding the exponential and neglecting 2nd order onward
terms we have Λ(i)M(t + , t) = I+ L(i)t , with i = 1, 2. Defining
another map ΛM(t+, t) = pΛ(1)M (t+, t)+(1− p)Λ(2)M (t+, t) =
I+[pL(1)t +(1−p)L(2)t ] = I+Lt,withLt = pL(1)t +(1−p)L(2)t
and 0 ≤ p ≤ 1, we get thatLt is also a Lindblad type generator
with positive coefficients. This shows that the map ΛM(t+, t)
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2also belongs to the set of divisible Markovian maps, proving
FM is a convex set.
To prove FM is compact it is enough to show F

M is closed
and bounded in the concerned topology. This fact is obvious
from the definition of FM and continuity of trace norm. 
We consider finite dimensional normed linear spaces only,
where all norms are topologically equivalent. In light of this
fundamental fact, evidently FM is also compact under Hilbert-
Schmidt (HS) norm || · ||2 =
√
Tr[(·)†(·)]. Moreover, it can
be shown that under the assumption of small time interval
( → 0), the HS norm of any arbitrary Choi state is ap-
proximately 1. The argument follows like this. ||CN ||2 ≈√
Tr[(|φ〉〈φ| + I ⊗ L(φ〉〈φ|))†(|φ〉〈φ| + I ⊗ L(φ〉〈φ|))]. Ne-
glecting higher order terms of , we have ||CN ||2 ≈√
Tr[||φ〉〈φ| + I ⊗ L|φ〉〈φ|] = 1, since L(·) is always trace-
less. Thus the structure of FM leads us to the existence of
non-Markovianity witnesses, by exploiting techniques of con-
vex analysis [40].
It is an interesting question, that whether in principle a
non-Markovian Choi state (NMCS) can be separated from all
MCS. Invoking geometric Hahn-Banach separation theorem
[40], we show that the answer is affirmative.
Theorem 1: A NMCS can be separated from all MCS by a
hyperplane.
Proof: Let CN be a NMCS and FM denotes the set of all MCS.
Note that, D(CN | FM) = 0 iff CN ∈ Cl(FM), where Cl(·)
denotes the topological closure. Since FM is closed as F

M is
compact, then Cl(FM) = F

M. CN does not belong to FM, thus
D(CN | FM) > 0. Considering singleton set {CN } as convex set,
we always have a hyperplane [40] separating CN and FM. 
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FIG. 1. (Colour online)
Here the larger ellipse represents set of all Choi states and FM rep-
resents the convex compact set of MCS at sufficiently small time 
and W1,W2,W3 represents three hyperplanes separating three NMCS
(represented as green dot) from MCS.
In Fig. (1) we represent the schematic diagram for Theo-
rem 1. Since FM is convex and compact, every NMCS can
in principle be separated from FM by some separating hyper-
plane.
Non-Markovianity Witness: Let us consider the construc-
tion of NM witness using the techniques of entanglement the-
ory.
Definition: A hermitian operator W is said to be a NM wit-
ness if it satisfies following criteria:
1. Tr(WCM) > 0 ∀ CM ∈ FM.
2. There exists atleast one NM Choi state CN such that
Tr(WCN ) < 0.
It is clear from the definition, that a single witness can not
detect all NMCS. The witness will depend on the NMCS,
which one wishes to detect.
Construction of NM witness: Let CQ be a finite dimensional
Choi state corresponding to some operation Q. CQ being her-
mitian, we have its spectral decomposition as:
CQ =
∑
λiPi, (1)
where Pis are orthogonal projections onto the subspace
spanned by the normalised eigenvectors corresponding to the
eigenvalues λi. Note that, Tr(CQP j) = λ jδi j, with δi j being
the Kronecker delta. If the operation is CP-divisible, then CQ
being a valid state has all non negative eigenvalues. Hence,
Tr(CQP j) > 0 ∀ j. If the operation is NM, Tr(CQP j) < 0 for
atleast one j, as CQ has atleast one negative eigenvalue. Thus
the orthogonal projectors serve as witnesses for NMCS.
Examples of qubit channels: Let us have two examples of
NM witness based on our construction.
Dephasing channel: The Lindblad equation corresponding to
a pure dephasing channel is given by:
dρ
dt
= γ(t)(σzρσz − ρ).
Performing small time approximation, we get the eigenvalues
of the corresponding Choi state as 0, 0, γ(t) and 1 − γ(t) re-
spectively. Since  is infinitesimally small, the later of the two
non-negative eigenvalues can always be considered as posi-
tive. We therefore take the orthogonal projector corresponding
to the eigenvalue γ(t) as the witness for NM since γ(t) ≥ 0 for
CP-divisible operations and can be negative in case of NM op-
erations. The witness for qubit dephasing operation is there-
fore Pdeph = |χ〉〈χ|, where |χ〉 = (0, 1, 0, 0)T .
Pauli Channel: Consider now the Pauli channel:
dρ
dt
=
γx(t)(σxρσx − ρ)+γy(t)(σyρσy − ρ)+γz(t)(σzρσz − ρ). Small
time approximation gives the eigenvalues of the correspond-
ing Choi state as 1 − (γx(t) + γy(t) + γz(t)), γx(t), γy(t),
γz(t). Following same logic,we can take the the orthogo-
nal projectors corresponding to the eigenvalues γi(t) ( with
i = x, y, z) as the witnesses of NM. They are respectively given
by Px = |χx〉〈χx|, Py = |χy〉〈χy| and Pz = |χz〉〈χz|, with |χx〉 =
(0, 1, 1, 0)T , |χy〉 = (0,−1, 1, 0)T and |χz〉 = (−1, 0, 0, 1)T .
Alternative construction of NM witness: In the above men-
tioned procedure, the construction of witness depends on the
eigenvalues of the corresponding Choi state. For a large di-
mensional system, computing the eigenvalues and the corre-
3sponding projectors may be difficult. Therefore we adopt an
alternative formalism [41] based on the structure of FM.
In order to construct the witness, we first need to show
the existence of nearest MCS corresponding to some NMCS.
Consider N to be a NM operation having Choi state CN .
The distance between CN and FM is given by M =
in fCM∈FMD(CN | CM), where D(· | ·) is any proper metric.
We now prove the following theorem.
Theorem 2: Corresponding to any NMCS, there always
exists a nearest MCS.
Proof: Fixing a NMCS CN , we define a function g : FM→ R by setting, g(CM)=D(CN | CM) ∀ CM ∈ FM. Clearly
g is a continuous function on the set FM. Moreover since F

M
is compact, ∃ CM∗ ∈ FM such that g(CM∗ )=in fCM∈FM g(CM).
Hence infimum is achieved by some MCS. 
Having proved the existence of nearest MCS, now it will be
interesting to ask whether or under which condition the near-
est MCS corresponding to a NMCS is unique. Thus follows
the next proposition.
Proposition 2: Let CN be a NMCS. Then CM∗ is the
unique nearest MCS if and only if for all CM ∈ FM, Tr[(CN −CM∗ )(CM − CM∗ )] ≤ 0.
Proof: To prove the sufficient part, let for all MCS CM,
Tr[(CN−CM∗ )(CM−CM∗ )] ≤ 0. Considering Tr[(CN−CM)2],
and by adding and subtracting CM∗ we get, Tr[(CN −CM)2]−
Tr[(CN −CM∗ )2] ≥ −2Tr[(CN −CM∗ )(CM−CM∗ )]. Using the
hypothesis we have Tr[(CN −CM)2] ≥ Tr[(CN −CM∗ )2]. This
shows CM∗ is the nearest MCS corresponding to the NMCS
CN .
To prove the necessary part, let CM∗ be the nearest MCS
corresponding to NMCS CN . Then, Tr[(CN − CM)2] ≥
Tr[(CN − CM∗ )2] for any MCS CM ∈ FM. This implies
Tr[(CN −CM∗ )(CM −CM∗ )] ≤ 12 Tr[(CM∗ −CM)
2]. Since FM
is convex, let CM = (1 − µ)CQ + µCM∗ with 0 < λ < 1, where
CQ ∈ FM. Therefore Tr[(CN −CM∗ )((1−µ)CQ+µCM∗ −CM∗ )]
≤ 1
2
Tr[((1−µ)CQ + µCM∗ −CM∗ )2], which gives the inequal-
ity Tr[(CN − CM∗ )(CQ − CM∗ )] 6 12(1 − µ)Tr[(CM∗ − CQ)
2].
Letting µ→ 1, we have the result.
To prove the uniqueness of CM∗ , let CM∞ be another
MCS which minimizes Tr[(CN − CM)2]. Then Tr[(CN −
CM∗ )(CM∞ − CM∗ )] 6 0 and Tr[(CN − CM∞ )(CM∗ − CM∞ )]
6 0 together implies CM∗ = CM∞ , proving the uniqueness of
the nearest MCS. 
Armed with this proposition, we now prove the following the-
orem.
Theorem 3: Let CM∗ be the nearest MCS to a NMCS CN .
Then
W = c0I + CM∗ − CN , (2)
with c0 = Tr(CM∗ (CN − CM∗ )) is a NM witness for CN .
Proof: We verify that, Tr[WCS] = −Tr[(CS − CM∗ )(CN −
CM∗ )] for any Choi state CS. To proveW is a NM witness for
CN it is enough to show 1)W is hermitian, 2) Tr[WCM] >
0 ∀ CM ∈ FM and Tr[WCN ] < 0.W is hermitian according to its definition. Since Tr[WCS] =
−Tr[(CS-CM∗ )(CN − CM∗ )] holds for any Choi state, it also
holds for any CM in FM.
Since CM∗ is the nearest MCS for CN , we have Tr[(CN −
CM∗ )(CM − CM∗ )] 6 0. Hence it follows that
Tr[WCM] > 0 ∀ CM ∈ FM.
Using the trace preservation property of quantum operations,
we get
Tr[WCN ] = −Tr(CN − CM∗ )2 < 0

Having constructed the theory of linear witnesses to de-
tect NM dynamics, we ask the immediate following question
that, whether linear witnesses are sufficient to determine all
the NMCS. In the theory of entanglement detection, we know
that non-linear improvement of witnesses gives us further ad-
vantages to detect entanglement [42–44]. In the following, we
discuss such possibilities for NM detection.
Possibility of non-linear witness: After constructing the
structure of linear witnesses to detect the NMCS, a very le-
gitimate question should be the following. How many linear
witnesses are enough to capture all NMCS. To answer this
question, we need to investigate the geometry of FM; i.e. pre-
cisely whether the set FM forms a polytope determined by
intersection of finitely many half-spaces obtained from linear
witnesses. In analogy to Ref. [45], we surmise that these
finitely many witnesses are tangents to FM. Minkowski’s the-
orem [46] states that every polytope in Rn is the convex hull
of finitely many extreme points. Therefore, if there exists
finitely many extreme points for a given convex and compact
set, finitely many linear witnesses will suffice for separating
all the entities outside that given set. The task is now to deter-
mine the number of extreme points of the set FM. We resolve
this issue by proving the following theorem.
Theorem 4: The convex compact set of all MCS does not
form a polytope.
Proof. Extreme points of a convex set are those entities within
the set, having no non-trivial decompositions in terms of con-
vex combinations of other points in the given set. Since the
MCS are always valid physical states, the pure states, if there
any, will lie on the vertices of the set. Hence, to prove the
theorem, it is enough to show that there exists uncountable
many pure Choi states. Consider the set of all Unitary chan-
nels: {Uα(t2, t1), α ∈ I}, where I is an uncountable index set.
Unitary operations are divisible, i.e. Uα(t3, t1) = Uα(t3, t2) ◦
Uα(t2, t1), with t3 ≥ t2 ≥ t1, ∀ t1, t2, t3. The Choi state cor-
responding to some Unitary operation Uα0 (t2, t1), given by
CUα′ = I ⊗ Uα′ (t + , t)(|φ〉〈φ|), is a pure maximally entan-
gled state and hence it is an extreme point of FM. Since I is
uncountable, there exists uncountably many such pure maxi-
mally entangled states for given dimensions. Therefore there
4are uncountably many extreme points of FM and hence it does
not form a polytope. 
As a consequence of Theorem 4, we surmise the impor-
tance of nonlinear witnesses, to improve upon the efficiency
of its linear counterpart. Since FM does not form a polytope,
finite number of hyperplanes will not be sufficient to detect
all the NMCS. Therefore nonlinear improvement of witnesses
are necessary to detect them. In Fig. (2) we schematically
justify the necessity of nonlinear witnesses.
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FIG. 2. (Colour online)
The figure depicts a cross section of the set FM. The outer poly-
gon represents a convex set with a polytope structure, whose sides
are optimal linear witnesses (WL). Clearly we understand that if the
set had a polytope structure, finite linear witnesses would have been
sufficient to distinguish all the points not in the set. Since FM does
not have that, as depicted by inner ellipse, nonlinear improvement
is always possible. The red dashed line indicates such a non-linear
witness WN .
From the above discussion, we have found that some of the
pure maximally entangled states are in the set of all extreme
points Ext(FM) of the set F

M. We know that they are also
among the extreme points of the state space S. This fact tells
us that Ext (S) ∩ Ext(FM) is non-empty. But it is also evi-
dent that not all the pure maximally entangled states are in
Ext(FM). This is because of the fact that the map is locally
applied on one side of a bipartite maximally entangled state
to construct the Choi states. It is therefore clear that the max-
imally entangled states generated by applying local unitaries
on the other side, will not be among the set of Choi states.
Those states, though among the extreme points of S, will not
be in FM. The most obvious open question is then whether
Ext(FM) is a strict subset of Ext (S). However, we make the
conjecture that this is not the case. The argument behind this
statement is the following. Since FM ⊂ S, there are valid
physical states not contained in FM. We have already proved
that there exists pure states not contained in Ext(FM). There-
fore, there can be mixed Choi states having no non-trivial state
decomposition in terms of the pure states in Ext(FM). Though
they always have the same in terms of pure states which are in
Ext(S).
Let us consider the set of all Choi states CA. It can be
shown in a similar procedure of the proof of Proposition 1,
that CA is also a convex set under the small time interval ap-
proximation. FM is of course a strict subset of CA. We have
shown earlier that FM is also a strict subset of S. The set
FN = CA \ FM contains all the NMCS. Clearly all the ele-
ments of FN are not valid quantum states, because NM op-
erations breaks CP-divisibility. Therefore, it is evident that
FM = S ∩ CA. In the following Fig. (3), we depict this dis-
cussion schematically.
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Here we represent the convex sets S and CA. Their intersection is
another convex set FM. We can also understand from the diagram,
that some of the extreme points of FM are mixed density matrices.
Conclusion: In this letter, we develop a proper theory of
NM witnesses, based on the convex and compact structure of
the set of all MCS, under small time interval approximation.
We construct an experimentally feasible framework of detect-
ing non-Markovianity by hermitian witnesses, in snap-shots
taken at different temporal regions for a given quantum evo-
lution. We further investigate the geometric structure of the
set of all MCS to find that they do not form a polytope, which
opens up the possibility to consider nonlinear improvement of
NM witnesses as a future line of investigation in the field of
non-Markovian open system dynamics.
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